A two-level atom coupled to a reservoir with Lorentzian spectral response function is considered. It is shown that if the free oscillations of the atomic dipole are suitably modulated by an external field, then the dynamics of the spontaneous decay can be strongly modified. As a result, the probability of finding the atom in an excited state can be large even for very long times. This is because the frequency modulation may lead to both effective detuning of the atom from the resonance with reservoir modes and to effective cancellation of the coupling between the atom and the reservoir. Non-Markovian features of the reservoir are found to be essential for this effect to be observable. Conditions of experimental verifications are provided.
The modulation of frequency is known to provide very interesting and unexpected effects in the interactions of atoms with radiation. For instance, it may lead to square-wave ͑''quantum-jump''-like͒ oscillations of the populations of atomic states ͓1͔, complicated interference effects due to periodic level crossings in the dressed atom picture, the appearance of global structures of populations at the antinodes ͓2͔, a great abundance of additional peaks, and sometimes erratic structure of the resonance fluorescence spectra ͓3͔. Several theoretical results concerning the behavior of atomic populations have recently been examined in ͓4͔. In this paper a related problem of the influence of frequency of modulation on a non-Markovian decay of a two-level atom coupled to a bath with Lorentzian profile of the spectral response is studied.
The system under consideration is a two-level atom coupled to a reservoir ͑instead of saying ''reservoir modes'' I shall often use the term ''field modes''͒ consisting of harmonic oscillators at zero temperature. The atomic states are labeled by kets: ͉1͘ ͑lower state͒, and ͉2͘ ͑upper state͒. It is assumed that the energy spacing between two atomic levels is modulated by some far off-resonant external field, so that the atomic Hamiltonian is given by (បϭ1)
where 0 is the energy-level spacing when the external field is absent, ⍀ is the modulation frequency, and i j ϭ͉i͗͘ j͉. An experimental method of such modulations of the atomic frequency has been recently described by Noel, Griffith, and Gallagher ͓4͔. The ⑀ is a small dimensionless parameter; thus the modulation depth dϵ⑀ 0 is much smaller than 0 . On the other hand, it is assumed that d may be of the same order as the modulation frequency ⍀. The field Hamiltonian, i.e., the energy operator characterizing the dynamics of the reservoir degrees of freedom, is written in the standard form
where is the frequency of the modes of the reservoir, while a † and a are the creation and annihilation operators of the mode corresponding to the frequency .
The interaction Hamiltonian in the rotating-wave approximation reads
͑3͒
where g and its complex conjugate are the coupling constants between the atom and the modes of reservoir.
Since it is convenient to work in the interaction representation, the free dynamics will be ''factored out'' by writing the total time-evolution operator in the form
͑4͒
where U I contains terms pertaining to the atom-reservoir interactions. It satisfies the Schrödinger equation
where the interaction-picture Hamiltonian is given by
and ⌬ denotes the detuning, ⌬ ϭϪ 0 . I shall concentrate on the ''spontaneous emission'' so that the Hilbert space will be restricted to the following states:
where ␣ and ␤ are time-dependent Schrödinger amplitudes; ͉2;0͘ is a state with the atom at the upper level and no *Electronic address: mjanow@ifpan.edu.pl reservoir excitation while ͉1;1 ͘ is a state with the atom occupying the lower level and the ''field'' having one quantum of the frequency . The complex amplitudes ␣ and ␤ evolve according to the equations
with the initial conditions ␣(0)ϭ1 and ␤ (0)ϭ0 for all . The amplitude ␣ satisfies the following integro-differential equation:
where the kernel G(t,tЈ) is given by
G͑t,tЈ͒ϭexp͕id/⍀͓cos͑⍀t ͒Ϫcos͑ ⍀tЈ͔͖͒
Now I shall employ the assumption that the coupling of the atom with the reservoir is non-Markovian. In the simplest possible ͑i.e., Lorentzian͒ case the frequency-dependent coupling constant is given by
where c is the central frequency of the reservoir. Such a profile of g has been used by many authors in different contexts, cf. ͓5͔ and ͓6͔. In what follows below it will be assumed that the atom is exactly tuned to this central frequency, i.e., 0 ϭ c , and the standard ͑cf. ͓5,6͔͒ approximation of extending the lower limit of the integral in Eq. ͑11͒ to Ϫϱ will be used. This approximation is justified because 0 ϭ c is very large; that is, it is much larger than all other quantities of the dimension of frequency. The Fourier transform of the modulus of g which appears in Eq. ͑11͒ is given by
͑13͒
In the Markovian limit ␥→ϱ one obtains on the right-hand side of the last equation the Dirac delta function g␦(tϪtЈ), and, in consequence, ␣(t) satisfies the simple equation
This is the reason why the two variables g and ␥ of the dimension of frequency ͓and not a single quantity of the dimension ( f requency) 2 ͔ have been introduced on the right-hand side of Eqs. ͑12͒ and ͑13͒. Besides, g and ␥ have, of course, different physical meanings. The parameter ␥ is the rate of damping of the excitations of reservoir ͑in other words, the leakage rate of the cavity photons͒. Also, it provides a measure of width of the spectral response function as shown in Eq. ͑12͒: only those modes of the reservoir, which have frequencies in the region ͉ 0 Ϫ͉Ͻ␥, are substantially coupled to the atom. On the other hand, g measures the effective strength of the coupling of the atom to the reservoir.
Taking into account Eq. ͑13͒, one obtains the following expression for the Green function G(t,tЈ):
G͑t,tЈ͒ϭg␥e
Ϫ␥͉tϪtЈ͉ exp͕i͑d/⍀ ͓͒cos͑ ⍀t ͒Ϫcos͑ ⍀tЈ͔͖͒.
͑14͒
Now I shall use the procedure developed in ͓7͔ and find two ͑instead of infinitely many͒ ordinary differential equations for ␣ and a pseudomode B such that after elimination of B the resulting integro-differential equation for ␣ would be the same as Eq. ͑10͒ combined with Eq. ͑14͒. The only difference between our case and those considered in ͓7͔ is that we need only one pseudomode ͑since we have only one simple Lorentzian profile of ͉g ͉ 2 ) and our ⍀ 1 (t) ͑notation of ͓7͔͒ must be time dependent. Indeed, one easily verifies that the equations
satisfy the requirement that has just been formulated. At t ϭ0 one has Bϭ0 since ␤ (0)ϭ0. It is the time dependence of ␣ that is important here since ͉␣͉ 2 determines the probability of finding the atom in the excited state. The exponential factors on the right-hand sides of Eqs. ͑15͒ and ͑16͒ are periodic functions and have the following Fourier expansions:
where aϭd/⍀. Equations ͑15͒ and ͑16͒ have been solved numerically. The results are illustrated in Figs. 1 and 2 . Before analyzing them, one can make some simple predictions based on intuitive arguments. It is easy to realize with the help of Eqs. ͑1͒ and ͑17͒ that under the conditions of absence of any coupling with the field the free atomic dipole moment operator oscillates with all the frequencies n ϭ 0 ϩn⍀, where n is an arbitrary integer number including zero. Taking into account that the atom is substantially coupled only with the modes having the frequencies in the interval ( 0 Ϫ␥, 0 ϩ␥) ͓cf. Eq. ͑12͔͒, one may predict that for sufficiently large ⍀ ͑which means ⍀ӷ␥) all except one oscillation of the atomic dipole will be effectively decoupled from the reservoir modes. If, additionally, one is able to make the effective coupling constant between the reservoir and the oscillations of the atomic dipole corresponding to nϭ0 sufficiently small, then both the vacuum Rabi oscillations and the damping will be inhibited. This effective coupling constant is proportional to J 0 (d/⍀) as can be inferred from Eqs. ͑15͒, ͑16͒, and ͑17͒. To make it small, one has to choose d and ⍀ such that their ratio is close to any zero of the zeroth-order Bessel functions ͑e.g., d/⍀ might be equal to 2.404 83 which is the smallest zero of J 0 ). Such a suppression of the Rabi oscillations and decay will be called ''resonant,'' because the modulation depth and the modulation frequency satisfy a condition of the resonance type: J 0 (d/⍀)ϭ0.
On the other hand, if d is much larger than ⍀ the suppression can also be obtained since all J n become small for large values of their arguments. In this case one can achieve suppression of the decay and Rabi oscillations even if ⍀Ͻ␥. The smallness of the effective couplings is in this case the result of detuning: most of the time the atomic dipole simply spends out of resonance with the field. Thus, I consider this kind of suppression to be much less interesting than the resonant one described previously. It should be noted that making the modulation depth d much larger than ␥ without any restrictions on ⍀ is not enough to suppress the spontaneous emission or inhibit the Rabi oscillations, since the effective coupling constant with the reservoir modes can still be large if ⍀տd.
These simple observations find their confirmation in the numerical results. In Figs. 1͑a͒ and 1͑b͒ the probability P(t) that the excited state is still populated is displayed versus the dimensionless time ␥t in the regime of moderately strong coupling, gϭ5␥. In both Figs. 1͑a͒ and 1͑b͒ the dotted line represents the damped vacuum Rabi oscillations in the absence of any modulation. From Fig. 1͑a͒ we see that large values of d combined with small ⍀ provide indeed some suppression of these oscillations and damping-this case corresponds to the solid line in Fig. 1͑a͒ . The ''staircase''-like behavior obtained and analyzed in ͓1͔ is visible together with very-low-amplitude oscillations corresponding to the multiples of ⍀. On the other hand, the dashed line corresponds to the case of large d and large ⍀, ⍀ϭ2d; it is seen that the time dependence of P(t) is almost the same as when the modulation is turned off.
In Fig. 1͑b͒ the results for ''antiresonant'' (d ϭ7.015 59⍀, solid line͒ and ''resonant'' (dϭ2.404 83⍀, FIG. 1. Probability P(t) of finding the atom in the excited state as a function of the dimensionless time ␥t for different values of parameters d, ⍀, and ␥ in the medium-coupling regime gϭ5␥. The dotted line in both ͑a͒ and ͑b͒ shows the damped Rabi oscillations without any modulation. In ͑a͒ the dashed line represents the behavior of the population P(t) for dϭ10␥ and ⍀ϭ20␥, and the solid line for dϭ10␥ and ⍀ϭ0.5␥. In ͑b͒ the dashed line shows the time dependence of P(t) for ⍀ϭ20␥ and dϭ2.404 83⍀, and the solid line for ⍀ϭ20␥ and dϭ7.015 59⍀.
FIG. 2. Probability P(t)
of finding the atom in the excited state as a function of time and for different values of the parameters d, ⍀, and ␥ in the weak-coupling regime, ␥ϭ10g. The dotted line in both ͑a͒ and ͑b͒ shows the damping without any modulation (dϭ0). In ͑a͒ the dashed line represents the behavior of the population P(t) for dϭ10␥ and ⍀ϭ20␥, and the solid line for dϭ10␥ and ⍀ϭ0.5␥. In ͑b͒ the dashed line shows the time dependence of P(t) for ⍀ϭ20␥ and dϭ2.404 83⍀, and the solid line for ⍀ϭ20␥ and dϭ7.015 59⍀. ͑c͒ displays the details of the time dependences represented by the solid and dashed lines in ͑b͒. These details are not visible in ͑b͒ because of the very small amplitude of the oscillations. dashed line͒ cases are shown. The former corresponds to the first nonzero maximum of the zeroth-order Bessel function. Some inhibition of the damped oscillations is still visible, since J 0 (d/⍀) is as small as 0.3. But it is far less effective than the corresponding suppression in the resonant case ͓J 0 (d/⍀ϭ2.404 83)Ӎ0͔ which is represented by the dashed line in Fig. 1͑b͒ . It is so even if d/␥ is almost three times larger in the antiresonant case than in the resonant one.
In Fig. 2 the dynamics of spontaneous decay in a relatively weak-coupling regime (␥ϭ10g) are illustrated. In both Figs. 2͑a͒ and 2͑b͒ the dotted line is a graph of the function P(t) versus the dimensionless time ␥t in the absence of modulation. The solid line in Fig. 2͑a͒ shows that there is a remarkable suppression of the damping if d is large and ⍀ small ͑solid line͒. The ''staircase''-like time dependence of P(t) is very transparent. On the other hand, there is no inhibition of the damping if d and ⍀ are both large and dՇ⍀. Figure 2͑b͒ illustrates the ''antiresonant'' and ''resonant'' regimes in the weak-coupling case. The values of d and ⍀ are the same as in Fig. 1͑b͒ . Once again one realizes that the best conditions for the observation of inhibition of the decay are achieved when there is a kind of resonance between the modulation depth and modulation frequency specified by the relation J 0 (d/⍀)ϭ0. The subtle structure of the curves shown in Fig. 2͑b͒ is displayed in Fig. 2͑c͒ . The oscillations are not visible in Fig. 2͑b͒ due to their very small amplitude.
The effect of suppression of the decay evidently disappears in the case of Markovian reservoir (␥→ϱ). Indeed, if ␥ӷd and ␥ӷ⍀, then the frequency spectrum of the field modes is very broad and flat and the frequency modulation cannot effectively detune the atom from the resonance.
It is perhaps worth noticing that the effect predicted here is by no means specifically quantum. Very similar effects can be shown to take place in the case of a classical harmonic oscillator coupled ͑with antiresonant terms excluded͒ to a reservoir made from other classical oscillators. Moreover, the effect can be visible, e.g., in a very elementary system of two coupled mathematical pendula. The exchange of energy between the pendula goes more slowly if the length of one of them is adiabatically and periodically changed in a suitable way-this results in an adiabatic frequency modulation similar to that considered here. Thus, what is important here is resonance and not quantum effects.
Let me now consider the conditions of experimental verification of the simple predictions made above. An experiment with the spontaneous emission of the atom in a FabryPerot cavity can be proposed. In the optical region one has 0 /2Ӎ5ϫ10 15 Hz, g/2Ӎ5ϫ10 5 Hz, and ␥/2Ӎ10 5 Ϫ10 10 Hz. Then in the case of good cavities with ␥ close enough to the lower boundary of the indicated interval it would be enough to get the frequency of modulation of the order of hundreds of MHz and modulation depth of the order of, say, a few GHz. For larger ␥ the modulation depth and frequency would have to be larger but could still remain much smaller than 0 . In the microwave region 0 /2 Ӎ10 10 Hz, g/2Ӎ10 4 Ϫ10 5 Hz, and ␥ could be as small as 10 0 Hz. However, the case of such very-high-Q cavities has already been covered in another paper ͓8͔ in which the suppression of the Rabi oscillations independent of the cavity field state has been predicted, similar to that discovered by Agarwal and Harshawardhan ͓1͔. Even if ␥ is as large as 10 5 Hz, one may find the suppression of the decay provided that ⍀Ӎ10
6 Hz and the modulation depth dӍ10 6 Ϫ10 7 Hz. In the recent experiments by Noel, Griffith, and Gallagher ͓4͔ even larger values of the depth and frequency of modulation have been obtained. I believe, therefore, that the simple effects predicted here may be verified experimentally without great difficulties.
To summarize, in this paper the influence of the frequency modulation on the dynamics of a two-level atom coupled to the Lorentzian reservoir has been considered. It has been shown that the modulation can lead to the suppression of the damped Rabi oscillations and spontaneous emission provided that one of the two condition is fulfilled: ͑a͒ the modulation depth is much larger than both the width of the spectral response function and the modulation frequency, or ͑b͒ the modulation frequency is much larger than the width of the spectral response, and the ratio of the modulation depth and modulation frequency satisfies the resonant condition J 0 (d/⍀)Ӎ0.
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